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The Einstein-Maxwell-aether-axion theory:
Dynamo-optical anomaly in the electromagnetic response
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We consider a pp-wave symmetric model in the framework of the Einstein-Maxwell-aether-axion
theory. Exact solutions to the equations of axion electrodynamics are obtained for the model, in
which pseudoscalar, electric and magnetic fields were constant before the arrival of a gravitational
pp-wave. We show that dynamo-optical interactions, i.e., couplings of electromagnetic field to a
dynamic unit vector field, attributed to the velocity of a cosmic substratum (aether, vacuum, dark
fluid...), provide the response of axionically active electrodynamic system to display anomalous
behavior.
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I. INTRODUCTION
The term dynamo-optical phenomena was intro-
duced in [1] in order to distinguish specific electromag-
netic effects in media, which move non-uniformly (the
macroscopic velocity field of such media is character-
ized by local acceleration, shear, vorticity and expan-
sion). Irregularities of motion of electromagnetically
active media can produce specific effects analogous to
classical birefringence, optical activity, etc., (see, e.g.,
[2, 3]). A natural question arises: whether similar
dynamo-optical phenomena can be displayed in cosmic
electrodynamic systems, e.g., in pulsar magnetospheres
or in super-critical black hole accretion disks? In other
words, whether one has a chance to find fingerprints
of cosmic dynamics in the properties of incoming light,
which the astronomers are studying? The discussion of
this problem is faced with a philosophic question: what
is the origin of velocity field, the irregularities of which
one needs to study? It might be, for instance, the ve-
locity field, attributed to a supermassive black hole, the
velocity field of a baryonic matter, of a dark matter, of
a dark fluid, etc. The corresponding formalism is based
on the analysis of the time-like unit eigen four-vector
of the corresponding stress-energy tensor (see, e.g., [4–
6]). This vector field is obtained algebraically and thus
requires additional variation procedures (it was elabo-
rated in [5, 7, 8]). An alternative approach for studying
of the dynamo-optical phenomena is connected with the
Einstein-Maxwell-aether theory established in [9] on the
base of Einstein-aether theory [10–17]. In these theories
there is a non-vanishing everywhere dynamic time-like
unit vector field U i characterizing the velocity of a cos-
mic substratum (the vacuum, the aether, the dark fluid
and so on). The corresponding variation procedure is
standard for the relativistic field theory. The Einstein-
aether and the Einstein-Maxwell-aether theories realize
the idea of a preferred frame of reference [18–20] associ-
ated with a world-line congruence for which the corre-
sponding time-like velocity four-vector U i is the tangent
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vector. In this sense they are characterized by a viola-
tion of Lorentz invariance (see, e.g., [21, 22]). Based
on this approach one can reformulate the idea of ap-
pearance of the dynamo-optical phenomena; now they
characterize a specific type of interactions between the
electromagnetic field and the unit dynamic vector field.
The main detail of the mathematical description of this
interaction is that the covariant derivative of the unit
vector field, ∇iUk, enters the Lagrangian linearly and
in quadratic form.
In the paper [9] we mentioned three interesting
applications of the established Einstein-Maxwell-aether
theory; one of them is the application to the space-
times with the so-called pp-wave symmetry. Now we
consider this application in more details, using the re-
stricted model. Generally, the full model can not satisfy
the requirements of the pp-wave symmetry. Neverthe-
less, the Einstein-aether theory contains four Jacobson’s
parameters, which are not yet determined and thus can
be considered as arbitrary, C1, C2, C3 and C4. If we use
two constraints, say, C2=0 and C1+C3=0, the model,
as we have shown, can accept the pp-wave symmetry.
Physically, this means that the aether is considered as
a substratum insensitive with respect to a shear and
expansion of the velocity field, but remains sensitive to
acceleration and vorticity. In this case the analysis of
the model is simplified very seriously, and we used this
model as an example of application. In order to explain
the interest to such model, we attract the attention to
the results obtained in [6], namely, that due to the
dynamo-optical interactions the electric and magnetic
response of the system to the action of the gravitation
radiation can be anomalously strong. The model under
consideration, as it will be shown below, also displays
such behavior.
And the last new detail. We introduced into
the Einstein-Maxwell-aether theory a pseudoscalar field
[23], which could be (in principle) associated with ax-
ions and thus with the cosmic dark matter (see, e.g.,
[24]- [39] for details and references). Now the theory
can be indicated as Einstein-Maxwell-aether-axion the-
ory. This pseudoscalar field plays the role of mediator
in the interaction between gravitational-wave, electric,
magnetic and unit dynamic vector fields, providing the
anomalous growth of the electromagnetic response in
2analogy with the effects described in [40]. Let us em-
phasize that in [40] the exact solutions to the equa-
tions of the axion electrodynamics were obtained for
the case, when the background gravity field has the pp-
wave symmetry, but the effects of non-uniform motion
of the medium were not considered. From this point
of view the presented work is the generalization of the
work [40], which takes into account the dynamo-optical
interactions of the electrodynamic system with the unit
dynamic vector field.
The paper is organized as follows. In Section II
we consider the basic elements of the Einstein-aether
theory supplemented by the pseudoscalar field, and
describe the background state possessing the pp-wave
symmetry. In Section III we extend the model by
adding the test electromagnetic field to the background
field. In Section IV we obtain exact solutions for the
electric, magnetic and pseudoscalar field. In Section
V we discuss the anomalies in the electromagnetic re-
sponse of the system on the action of the gravitational-
pseudoscalar pp-waves. Conclusions are presented in
Section VI.
II. BACKGROUND STATE
A. Action functional
We consider the Einstein-Maxwell-aether-axion
model in the framework of a hierarchical approach.
In our scheme three constituents form the background
state of the global physical system: first, the gravity
field; second, the unit dynamic vector field attributed
to the velocity of the aether; third, the pseudoscalar (ax-
ion) field. The electromagnetic field is treated to be the
test subsystem, which is influenced by the background,
but does not change its state. In order to describe the
background state we use the action functional
S(B) =
∫
d4x
√−g
{
1
2κ
[R+λ (gmnU
mUn−1)+
+Kabmn ∇aUm ∇bUn
]−1
2
ξ Ψ20 g
mn ∇mφ∇nφ+
+
1
4
Ψ20
[
m2(a)
ν
+ ν(φ2 − φ2∗)
]2
 , (1)
where g = det(gik) is the determinant of the metric, R
is the Ricci scalar, and κ is the Einstein constant. Two
last terms in this integral present the Lagrangian of a
pseudoscalar (axion) field. The pseudoscalar φ is con-
sidered as a dimensionless quantity; the multiplier Ψ0
brings the dimension to the pseudoscalar field. The pa-
rameter ξ takes two values. First, when ξ = 1, we deal
with a pseudoscalar field with the fourth order potential
V (φ2) =
1
4
Ψ20
[
m2(a)
ν
+ ν(φ2 − φ2∗)
]2
. (2)
This potential possesses the following two properties:
V (Φ2) = 0 ,
[
d
dφ
V (φ2)
]
|φ=Φ
= 0 , (3)
where the constant Φ takes one of the two values
Φ = ±
√
φ2∗ −
m2(a)
ν2
. (4)
When |φ∗| > m(a)|ν| , this potential has two symmetric
minima, each of them coincides with the correspond-
ing double zero of the function V (φ2). Second, when
ξ = −1, the pseudoscalar field is phantom - like, or in
other words, the field with negative kinetic term. Other
terms in the action functional (1) involve the vector field
U i. The first term of this type, λ (gmnU
mUn−1), en-
sures that the U i is normalized to one. The second
term Kabmn ∇aUm ∇bUn is quadratic in the covariant
derivative ∇aUm of the vector field U i, with Kabmn a
tensor field constructed using the metric tensor gij and
the velocity four-vector Uk only [10],
Kabmn =
C1g
abgmn+C2g
amgbn+C3g
angbm+C4U
aU bgmn . (5)
The Jacobson constants C1, C2, C3 and C4 are phe-
nomenologically introduced [10–12]; there is a number
of proposals to estimate these constants from observa-
tions (see, e.g., [13, 14]).
B. Master equations describing the background
state
1. Equations of aether dynamics
The aether dynamic equations can be found by
variation of the action functional (1) with respect to
the Lagrange multiplier λ and the vector field U i. The
variation with respect to λ yields the equation
gmnU
mUn = 1 , (6)
which is the normalization condition of the time-like
vector field Uk. The variation of the functional (1) with
respect to U i yields the dynamic equation
∇mJmn − In = λ Un . (7)
Here we are using the standard definitions [10]
Jmn = K lmsn∇lUs , (8)
In =
1
2
(∇lUs)(∇mUj) δK
lsmj
δUn
= C4DUm∇nUm . (9)
The operator D appearing in (9) is the convective
derivative defined as D ≡ U i∇i. The Lagrange mul-
tiplier can be obtained by convolution of (7) with Un
with normalization condition (6):
λ = Un [∇mJmn − In] . (10)
32. Equation for the pseudoscalar field
The variation of the action functional (1) with re-
spect to pseudoscalar field φ gives the equation
ξ∇k∇kφ+
[
m2(a) + ν
2(φ2 − φ2∗)
]
φ = 0 . (11)
Clearly, the constant solution φ = Φ satisfies this equa-
tion. When ν = 0 and ξ = 1, the equation (11) is the
standard Klein-Gordon equation with the mass m(a).
3. Gravity field equations
The variation of the action (1) with respect to the
metric gik yields the gravitational field equations
Rik − 1
2
R gik = T
(U)
ik + κT
(A)
ik . (12)
The term T
(U)
ik describes the stress-energy tensor asso-
ciated with the self-gravitation of the vector field U i; it
has the form:
T
(U)
ik = C1 (∇mUi∇mUk−∇iUm∇kUm)+
+C4DUiDUk+UiUkUn [∇mJmn−In] +
+∇m [U(iJk)m−Jm(iUk)−J(ik)Um]+
+
1
2
gikJ am∇aUm , (13)
where p(iqk)≡ 12 (piqk+pkqi) denotes symmetrization.
The term
T
(A)
ik = Ψ
2
0ξ∇iφ∇kφ−
−Ψ
2
0
2
gik

ξ∇mφ∇mφ−1
2
[
m2(a)
ν
+ν(φ2−φ2∗)
]2 (14)
describes the stress-energy tensor of the pseudoscalar
(axion) field. As usual, the total stress-energy tensor
satisfies the relationship
∇k
[
T
(U)
ik + κT
(A)
ik
]
= 0 , (15)
which is the identity on the solutions of (7) and (11).
C. Decomposition of the tensor Θik ≡ ∇iUk
The tensor Θik ≡ ∇iUk can be decomposed, as
usual, into a sum of its irreducible parts, namely, the
acceleration four-vector DU i, the symmetric trace-free
shear tensor σik, the anti-symmetric vorticity tensor
ωik, and the expansion scalar Θ = Θ
k
k. The decom-
position is given by
Θik = ∇iUk = UiDUk + σik + ωik + 1
3
∆ikΘ , (16)
where the basic quantities are defined as follows:
DUk ≡ Um∇mUk ,Θ ≡ ∇mUm ,∆ik = δik−U iUk ,
σik ≡ 1
2
∆mi ∆
n
k (∇mUn+∇nUm)−
1
3
∆ikΘ ,
ωik ≡ 1
2
∆mi ∆
n
k (∇mUn−∇nUm) . (17)
In these terms the dynamic tensor Jmn takes the form:
Jmn = (C1+C4)UmDUn+C3UnDUm+(C1−C3)ωmn+
+ (C1+C3)σ
mn +
1
3
(C1+C3)Θ∆
mn +C2Θg
mn , (18)
and the corresponding term in the action functional is
Kabmn(∇aUm)(∇bUn) =
= (C1+C4)DUkDU
k+(C1−C3)ωikωik+
+ (C1+C3)σikσ
ik+
1
3
(C1+3C2+C3)Θ
2 . (19)
D. Aether insensitive with respect to the shear
and expansion of the velocity field, and solutions
with pp-wave symmetry
We consider below the background model with the
so-called pp-wave symmetry. This means that we as-
sume the following:
1. The Lie derivative of the metric is equal to
zero, £ξl
(α)
gik = 0, where the three Killing vectors
{ξi(1), ξi(2), ξi(3)} correspond to the Abelian group of
isometries G3, and ξ
i
(1) is the null covariant constant
Killing vector, i.e., gikξ
i
(1)ξ
k
(1) = 0, and ∇kξi(1) = 0.
2. The vector field and pseudoscalar field inherit the
pp-wave symmetry, i.e., £ξi
(α)
Uk = 0 and £ξi
(α)
φ = 0.
Also, we consider the truncated model with C2=0 and
C3=−C1; as it will be shown below these relationships
mean that the aether does not react on the velocity per-
turbations, which are characterized by shear and expan-
sion, and can answer on the acceleration and vorticity
only.
Then there exist solutions to the equations for the dy-
namic unit vector field (7)-(10), gravity field (12)-(14)
and pseudoscalar field (11), which relate to vanish-
ing stress-energy tensors of dynamic unit vector field,
T
(U)
ik =0 (see(13)) and of the pseudoscalar field, T
(A)
ik =0
(see (14)).
1. The proof
Space-times with the pp-wave symmetry are well-
known (see, e.g. [41]) As an illustration one can use
4the particular metric of this class in the so-called TT-
gauge, describing, a plane gravitational wave with the
first polarization [42]
ds2 = 2dudv − L2
(
e2βdx2
2
+ e−2βdx3
2
)
. (20)
Here u and v are the retarded and advanced times, re-
spectively, given in terms of the time t and spatial co-
ordinate x1 by u= 1√
2
(ct−x1), v= 1√
2
(ct+x1), and x2, x3
are the spatial coordinates in the plane of the front of
the pp-wave. The quantities L(u) and β(u) are func-
tions of the retarded time u only. The three Killing
vectors in this case are known to be of the form
ξi(1) = δ
i
v , ξ
i
(2) = δ
i
2 , ξ
i
(3) = δ
i
3 , (21)
the first of them is the null four-vector, i.e., gikξ
i
(1)ξ
k
(1) =
0; also the four-vectors are orthogonal one to another.
From the requirement £ξi
(α)
φ = 0 with the Killing
vectors (21) one obtains that in the given representation
the function φ does not depend on v, x2, x3, i.e., the
pseudoscalar field is the function of the retarded time
u only, φ(u). The master equation for the pseudoscalar
field (11) is, clearly, satisfied identically for φ(u) = Φ.
The corresponding stress-energy tensor (14) vanishes,
T
(A)
ik = 0, for arbitrary parameter ξ.
The requirement£ξi
(α)
Uk = 0 with the Killing vec-
tors (21) means that the components U i can be the
functions of the retarded time only. We focus on the
specific case of this class of solutions, namely, on the
case, when
U i =
1√
2
(
δiu + δ
i
v
)
. (22)
In other words, we assume that the velocity four vector
has no components orthogonal to the direction of the
pp-wave propagation, and the remaining components
are constant in the chosen frame of reference. The co-
variant derivative of the velocity four-vector reduces as
follows:
Θ ki ≡ ∇iUk =
1√
2
[
δ2i δ
k
2
(
L′
L
+β′
)
+δ3i δ
k
3
(
L′
L
−β′
)]
.
(23)
Here and below the prime denotes the derivative with
respect to the retarded time u. Clearly, the tensor Θik
based on (23) is symmetric, i.e., Θik = Θki; the accel-
eration four-vector and the vorticity tensor are equal to
zero
DUk = 0 , ωpq = 0 . (24)
The expansion scalar is proportional to the derivative
of the so-called background factor L:
Θ =
√
2L′(u)
L
. (25)
The shear tensor is also non-vanishing; it can be written
as
σki =
Θ
2
(
1
3
∆ki − δ1i δk1
)
+
β′√
2
(
δ2i δ
k
2−δ3i δk3
)
. (26)
Since the acceleration and vorticity is absent in the ve-
locity field, the dynamic tensor Jmn, obtained for the
case C2 = 0 and C3 = −C1
Jmn = (C1+C4)UmDUn−C1UnDUm+2C1ωmn (27)
vanishes for arbitrary constants C1 and C4, i.e.,
Jmn(u) = 0 , In(u) = 0 . (28)
Keeping in mind (28) and the fact that two first terms
in (13) disappear, when the tensor Θik = ∇iUk is sym-
metric, we obtain that T
(U)
ik = 0.
For the case, when the unit dynamic vector field
is insensitive to the shear and expansion, and the pseu-
doscalar field takes constant value corresponding to one
of the two minima of the axion potential, the gravity
field equations are reduced to the one equation
L′′
L
+ β′2 = 0 , (29)
as it should be for the model with pp-wave symmetry.
We assume that the front of the gravitational pp-wave
is indicated by u = 0, and the conditions
L(0) = 1 , L′(0) = 0 , β(0) = 0 (30)
play the role of initial data for the metric functions.
2. Petrov’s solution
For the illustration we consider the explicit Petrov
solution [43]
L2 = cos ku · coshku , 2β = log
[
cos ku
coshku
]
. (31)
(In fact, this solution possesses the symmetry related
to the group G5, which includes the mentioned group
G3 as a subgroup). The corresponding interval is of the
form
ds2 = 2dudv − cos2 ku dx22 − cosh2 ku dx32 , (32)
and for this metric the Riemann tensor is covariantly
constant, i.e., ∇lRikmn = 0. Two non-vanishing com-
ponents of the Riemann tensor
R2u2u = −
[
L′′
L
+ (β′)2
]
−
[
2
L′
L
β′ + β′′
]
= k2 , (33)
R3u3u = −
[
L′′
L
+ (β′)2
]
+
[
2
L′
L
β′ + β′′
]
= −k2 , (34)
are constants with opposite signs, providing Ruu = 0.
The metric (32) is defined in the interval 0 ≤ u < pi2k ,
at the end of this interval, u = u∞ = pi2k , one of the
metric coefficients degenerates. The expansion scalar is
now of the form
Θ =
k√
2
(tanh ku− tan ku) , (35)
5and the derivative β′ (which will be necessary below) is
β′ = −k
2
(tanh ku+ tanku) . (36)
The background pseudoscalar (axion) field is considered
in this scheme as a constant φ(u) = Φ→ φ(0) and will
be locally changed only in the extended model including
the test electromagnetic field (see the next Section).
3. On the physical sense of the background solution
The chosen particular background model is based
on a specific model of the aether, according to which
the aether is insensitive to the shear and expansion of
the velocity field, but can be active with respect to vor-
ticity and acceleration. Such an aether ignores the pp-
wave-type perturbations, which are characterized by the
vanishing vorticity tensor and acceleration four-vector.
The corresponding pseudoscalar (axion) field is con-
stant. When we deal with test electrodynamic system
and take into account the so-called dynamo-optical in-
teractions of the electromagnetic field with the aether
and the axion field, we, following the hierarchical ap-
proach, consider the space-time and the unit vector field
to be non-perturbed; however, the local axion field is
assumed to be changed due to the interaction with the
electromagnetic field.
III. EXTENDED THEORY INCLUDING THE
MAXWELL FIELD
A. Extended action functional
In [9] the Einstein-aether theory was extended by
including all admissible terms with the Maxwell tensor
Fik. Now we consider the particular Einstein-Maxwell-
aether-axion model, which is based on the action func-
tional
S(total) = S(B) + S(EMA) , (37)
where the additional functional is of the form
S(EMA) =
1
4
∫
d4x
√−g
[
Cikmn(0) FikFmn + φF
ikF ∗ik+
+Xpqikmn∇pUqFikFmn
]
. (38)
Here Cikmn(0) is the linear response tensor of a test
isotropic medium with dielectric and magnetic permit-
tivities, ε and µ, respectively; this tensor can be repre-
sented in terms of the aether velocity U i as
Cikmn(0) =
1
2µ
[(
gimgkn−gingkm)+
+2(εµ−1)
(
gi[mUn]Uk+gk[nUm]U i
)]
, (39)
where p[iqk] ≡ 12 (piqk−pkqi) denotes anti-
symmetrization. This term does not contain the
covariant derivative ∇mUn. The tensor Xpqikmn
describes the coupling of electromagnetic field to the
non-uniformly moving aether; is was reconstructed
in [9] using the metric gik, the covariant constant
Kronecker tensors (δik, δ
ik
ab and higher order Kronecker
tensors), the Levi-Civita tensor ǫikab, and the unit
vector field Uk itself. As in the previous case, φ intro-
duces the pseudoscalar field. The asterisk denotes the
dualization, F ∗ik ≡ 12ǫikmnFmn (ǫikmn = 1√−gEikmn
with E0123 = 1). As usual, we consider the Maxwell
tensor expressed in terms of the electromagnetic
potential four-vector Ai
Fik = ∇iAk −∇kAi , (40)
and add the equation
∇kF ∗ik = 0 , (41)
as the direct consequence of (40).
B. Electrodynamic equations
The variation of the total action functional (37)
with respect to Ai gives the electrodynamic equation
∇kHik = 0 . (42)
Here Hik is the excitation tensor linear in the Maxwell
tensor
Hik = CikmnFmn , (43)
where Cikmn is a total linear response tensor
Cikmn = Cikmn(0) +X
pqikmn∇pUq + 1
2
φǫikmn . (44)
This tensor includes three contributions: first, the
contribution from the test medium, Cikmn(0) ; second,
the contribution from the dynamo-optical coupling,
Xpqikmn∇pUq; third, the contribution from the axion-
photon coupling, 12φǫ
ikmn.
Electrodynamics of continuous media can be for-
mulated in terms of four-vectors representing physical
fields. These four-vector fields are the electric field Ei,
the magnetic fieldHi, the electric excitationDi, and the
magnetic excitation Bi [2]: They are defined in terms
of F ik and Hik as,
Ei = F ikUk , B
i = F ∗ikUk ,
Di = HikUk , Hi = H∗ikUk . (45)
Completing the approach and inverting (45), we find
that the tensors F ik and Hik can be written in terms
of Ei, Bi, Di, and Hi as
F ik = δikmnE
mUn − ǫikmnBmUn ,
Hik = δikmnDmUn − ǫikmnHmUn , (46)
where δikmn and ǫ
ikmn are the generalized Kronecker
delta and the Levi-Civita tensor, respectively. Let us
stress that now the four-vector U i is not a observer ve-
locity four-vector; it is the unit dynamic vector field
associated with the velocity of the cosmic substratum.
6C. Extended equation for the pseudoscalar field
The variation of the total action functional (37)
with respect to pseudoscalar field φ gives now the ex-
tended equation
ξ∇m∇mφ+
[
m2(a)+ν
2(φ2−φ2∗)
]
φ=− 1
4Ψ20
F ∗ikF
ik .
(47)
When the electromagnetic source in the right-hand side
of this equation is non-vanishing, the local axion field
φ(u) differs from the background constant value Φ.
D. On the dynamic equations for the aether
velocity and for the gravity field
We follow the hierarchical approach, and assume
that when the electrodynamic subsystem is considered
to be the test one, the corresponding additional terms
appeared in the equation for the aether velocity and for
the gravity field are negligible in comparison with the
terms, which relate to the background state. More pre-
cisely, we assume the following: first, the velocity field
is non-changed and has the same form (22); second, the
master equations for U i are again satisfied identically;
third, the gravity field is described again by the equa-
tion (29). In other words, we solve below the equations
(41)-(44) and (47) in the given background.
E. Reconstruction of the tensor Xpqikmn and
independent coupling constants of the
dynamo-optical interactions
In order to represent the tensor X lsikmn we follow
definitions and the scheme used in [9]. It is well-known
that the tensor of total linear response admits the de-
composition
Cikmn=εi[mUn]Uk+εk[nUm]U i+
+ηiklU [mν
n]
l +η
lmnU [iν
k]
l −
− 1
2
ηikl(µ−1)lsηmns , (48)
where εim is the dielectric permittivity tensor, (µ−1)pq
is the magnetic impermeability tensor, ν mp · is the tensor
of magneto-electric coefficients:
εim = 2CikmnUkUn , (49)
(µ−1)pq = −1
2
ηpikC
ikmnηmnq , (50)
ν mp = ηpikC
ikmnUn = UkC
mklnηlnp . (51)
As usual, the tensors ηmnl and η
ikl are skew-symmetric
tensors orthogonal to U i,
ηmnl ≡ ǫmnlsUs , ηikl ≡ ǫiklsUs , (52)
and obey the following identities
− ηikpηmnp = δiklmnsUlUs = ∆im∆kn −∆in∆km , (53)
− 1
2
ηiklηklm = δ
il
msUlU
s = ∆im ≡ δim − U iUm . (54)
We now decompose explicitly the permittivity tensors
εim, (µ−1)pq and νpm using the non-vanishing irre-
ducible parts of the covariant derivative of the velocity
four-vector σik and Θ. The properties
εikU
k = 0 , (µ−1)
ik
Uk = 0 ,
νikUk = 0 = ν
ikUi (55)
simplify the decomposition of εim, (µ−1)pq and νpm,
providing the following results. The dielectric permit-
tivity tensor is decomposed as
εik = ∆ik (ε+α1Θ)+α6σ
ik , (56)
where ∆ik = gik − U iUk is the projector, and α1 and
α6 are two new independent dynamo-optical coupling
constants. The magnetic impermeability tensor is de-
composed as
(
µ−1
)ik
= ∆ik
(
1
µ
+γ1Θ
)
+γ6σ
ik , (57)
where γ1 and γ6 are the magnetic analogs of the con-
stants α1 and α6 (we use the same definitions of the
coupling constants, as in [9]). The magneto-electric
cross-effect pseudo-tensor is decomposed as
νpm = −φ∆pm , (58)
i.e., the only contribution to this tensor came from the
pseudoscalar field.
Finally, to reconstruct the tensor Xpqikmn itself,
we can put (56) and (57) into the difference Cikmn −
Cikmn(0) − 12φǫikmn, using (48), (39) and (58), respectively.
The result is
X lsikmn =
1
2
(
α1−1
3
α6
)
∆ls
(
gikmn −∆ikmn)+
+
1
4
α6UpUq
[
giklpgmnsq + gmnlpgiksq
]
+
+
1
2
(
γ1−1
3
γ6
)
∆ls∆ikmn − 1
2
γ6 η
ik(lηs)mn , (59)
i.e., this tensor contains four new coupling constants,
describing the dynamo-optical interactions. Here we
used the following auxiliary tensors
gikmn ≡ gimgkn−gingkm ,
∆ikmn ≡ ∆im∆kn −∆in∆km . (60)
7IV. EXACT SOLUTIONS TO THE
EQUATIONS OF EXTENDED
ELECTRODYNAMICS IN THE PP-WAVE
BACKGROUND
In this Section we obtain and discuss exact solu-
tions for the electromagnetic and pseudoscalar fields,
which possess the pp-wave symmetry.
A. Initial state
At u = 0 the metric functions satisfy the require-
ments (30), and the initial value for the pseudoscalar
field is φ(0) (the detailed discussion concerning the
Goursat problem for the pseudoscalar field can be found
in [40]). The initial data for the electromagnetic field
are indicated as follows: Ev(0), E2(0), E3(0), Bv(0),
B2(0), B3(0). As for the components Eu and Bu,
because of the orthogonality conditions EiU
i=0 and
BmUm=0, we obtain with U
i=δi0 that for arbitrary u
0 = E0 =
1√
2
(Eu + Ev)→ Eu(u) = −Ev(u) , (61)
0 = B0 =
1√
2
(Bu + Bv)→ Bu(u) = −Bv(u) , (62)
thus, Eu(0) = −Ev(0), Bu(0) = −Bv(0). Six initial pa-
rameters Ev(0), E
2(0), E3(0), Bv(0), B2(0) and B3(0)
are linked by the requirement Ek(0)B
k(0) = 0, which
follows from the condition that the pseudo-invariant
of the electromagnetic field F ∗ikF
ik is equal to zero at
u = 0, providing the compatibility of (47) at u = 0. In
more details, this requirement reads
2Ev(0)Bv(0) = E
2(0)B2(0) + E
3(0)B3(0) . (63)
B. Exact solutions in terms of electric and
magnetic fields
The first step is to solve the equations (41). Since
we search for solutions inheriting the pp-wave symmetry
and thus depending on the retarded time only, we can
follow the simple logic way:
∇kF ∗ik = 0→
→ d
du
(L2F ∗iu) = 0→ EiumnFmn = const . (64)
Then we put i=v, i=2, i=3 and obtain three important
formulas:
F23(u) = F23(0)→ Bv(u) = 1
L2
Bv(0) , (65)
F2v(u) = F2v(0)→
→ B3(u) = e−2β [B3(0) + E2(u)− E2(0)] , (66)
F3v(u) = F3v(0)→
→ B2(u) = e2β [B2(0)− E3(u) + E3(0)] . (67)
These formulas allow us to replace further the compo-
nents of the magnetic field Bv(u), B2(u) and B3(u) with
the electric field components Ev(u), E2(u) and E3(u).
Then we use the same procedure for the equation
(42) and obtain
∇kHik = 0→
→ d
du
(L2Hiu) = 0→ L2Hiu(u) = const , (68)
or in more details
L2Cvumn(u)Fmn(u) = C
vumn(0)Fmn(0) , (69)
L2C2umn(u)Fmn(u) = C
2umn(0)Fmn(0) , (70)
L2C3umn(u)Fmn(u) = C
3umn(0)Fmn(0) . (71)
Using the representation of the linear response tensor
Cikmn (44) with Cikmn(0) from (39) and X
pqikmn from
(59), as well as, the formulas (65)-(67), we obtain three
components of the electric field. First, we display the
longitudinal (with respect to the pp-wave front) com-
ponent of the electric field:
∆(v)(u) · Ev(u) = εEv(0) +Bv(0)[φ(u)− φ(0)] , (72)
where
∆(v)(u) ≡ L2
[
ε+Θ
(
α1 − 1
3
α6
)]
. (73)
Second, we display the transversal component E2(u) in
the form
∆(2)(u) ·E2(u) = E2(0)
(
ε− 1
µ
)
+ [E2(0)+B3(0)]×
×
{
1
µ
(
1−e−2β)−e−2β [Θ(γ1+1
6
γ6
)
− β
′
√
2
γ6
]}
−
−[E3(0)−B2(0)][φ(u)−φ(0)] , (74)
where
∆(2)(u) ≡ L2
{(
ε− 1
µ
)
+
1√
2
β′(α6+γ6)+
+Θ
[
(α1−γ1) + 1
6
(α6−γ6)
]}
. (75)
Finally, we obtain for the transversal component E3(u)
∆(3)(u) ·E3(u) = E3(0)
(
ε− 1
µ
)
+ [E3(0)−B2(0)]×
8×
{
1
µ
(
1− e2β)− e2β [Θ(γ1 + 1
6
γ6
)
+
β′√
2
γ6
]}
+
+ [E2(0)+B3(0)][φ(u)−φ(0)] , (76)
where the term
∆(3)(u) ≡ L2
{(
ε− 1
µ
)
− 1√
2
β′(α6+γ6)+
+Θ
[
(α1−γ1) + 1
6
(α6−γ6)
]}
(77)
can be obtained from ∆(2)(u) by the formal replacement
β → −β. Thus, the electric and magnetic fields are ex-
pressed through the metric functions L(u), β(u) and
their derivatives, L′(u), β′(u), and through the varia-
tion of the pseudoscalar field [φ(u)−φ(0)].
C. Equation for the pseudoscalar (axion) field
When φ depends on the retarded time only, the
equation for the pseudoscalar field (47) is reduced to
F ∗ikF
ik = −4Ψ20ν2φ
[
φ2(u)− Φ2] , (78)
which is, in fact, the implicit equation for the function
φ(u). Using (65)-(67) this equation can be simplified as
Ψ20ν
2φ
[
φ2(u)− Φ2] = −E2(u)e2β [B2(0)−E3(0)]−
−E3(u)e−2β [B3(0)+E2(0)]+ 2
L2
Ev(u)Bv(0) . (79)
Since E2(u) and E3(u) are linear with respect to φ(u),
we deal with cubic equations for the axion field. We
will return to this equation in the next Section.
V. ANOMALIES INDUCED BY PP-WAVES
A. Longitudinal magnetic and electric fields
In order to simplify the physical analysis of the
formulas presented in general form (72)-(77), we con-
sider separately the longitudinal and transversal config-
urations of the electromagnetic fields. When E2(0) =
E3(0) = 0 andB2(0) = B3(0) = 0, only the longitudinal
electric and magnetic fields exist in the electrodynamic
system at u > 0. The condition (63) takes now the form
Ev(0)Bv(0) = 0, thus, it is satisfied in two cases only.
1. Ev(0) 6= 0, Bv(0) = 0
In this case we obtain from (72), (73) and (65),
that
Ev(u) =
εEv(0)
L2
[
ε+Θ
(
α1 − 13α6
)] , Bv(u) = 0 . (80)
The equation (79) yields in this case that φ(u) = Φ, i.e.,
the background pseudoscalar field is not disturbed.
The solution for the longitudinal electric field can
grow anomalously, when the denominator in (80) tends
to zero. As an illustration we consider the example of
the Petrov solution and obtain
Ev(u) =
Ev(0)
∆||(u) coshku
, (81)
where
∆||(u) ≡ cos ku
[
1 +
k√
2ε
(
α1 − 1
3
α6
)
tanhku
]
−
− k√
2ε
(
α1 − 1
3
α6
)
sinku . (82)
Clearly, ∆||(0)=1 > 0 and ∆||( pi2k )=
k√
2ε
(
1
3α6−α1
)
.
This means that, when α1 >
1
3α6 the quantity ∆||(
pi
2k )
is negative, thus, there is a moment u∗∗, for which
∆||(u∗∗) = 0, so that Ev(u∗∗) = ∞ i.e., the anomaly
exists. When α1 <
1
3α6 the longitudinal electric field
reaches asymptotically the value
Ev
( π
2k
)
=
√
2εEv(0)
k
(
1
3α6 − α1
)
cosh pi2
, (83)
which is much bigger than Ev(0) for small parameter
k
(
1
3α6 − α1
)
. Let us stress that in this case the longi-
tudinal electric field is finite, when the metric is degen-
erated.
2. Ev(0) = 0, Bv(0) 6= 0
Now the longitudinal magnetic field is deformed
as Bv(u) =
Bv(0)
L2
, and the longitudinal electric field
Ev(u) =
Bv(0)[φ(u)− φ(0)]
L2
[
ε+Θ
(
α1 − 13α6
)] (84)
is, formally speaking, generated by the axion field. The
equation for the axion field (79) transforms into the
following cubic equation:
(φ−Φ)
{
φ2+Φφ− 2B
2
v(0)
L4Ψ20ν
2
[
ε+Θ
(
α1−13α6
)]
}
= 0 .
(85)
Clearly, only one solution to this equation, φ(u) = Φ
satisfies the initial condition in general case, and we
have to state that the axion field is not modified, and
the longitudinal electric field can not be induced. But
there is a special (critical) case, when the initial longi-
tudinal magnetic field takes the value
Bv(0) = Bcritical = ΦΨ0ν
√
ε , (86)
and the corresponding equation for the axion field
(φ−Φ)
{
φ2+Φφ− 2Φ
2ε
L4
[
ε+Θ
(
α1−13α6
)]
}
= 0 (87)
9in addition to the constant solution φ(u) ≡ Φ admits
the solution
φ(u) =
1
2
Φ
{√
1+
8ε
L4
[
ε+Θ
(
α1−13α6
)]−1
}
, (88)
which has the initial value φ(0) = Φ, and is of an anoma-
lous type, when α1 >
1
3α6. We deal now with a bifur-
cation of the solutions for the axion field.
B. The model with initially transversal pure
magnetic field
In this Subsection we consider the model with ini-
tial data Bv(0) = 0, Ev(0) = 0, E
2(0) = 0, E3(0) = 0.
Clearly, in this case the longitudinal electric and mag-
netic field are absent for arbitrary u > 0.
1. Exact solutions for the transversal electric and
magnetic fields
Transversal magnetic field interacting with gravi-
tational and pseudoscalar fields generates the transver-
sal electric field with the following components:
E2(u) =
B3(0)
∆(2)
{
1
µ
(
1−e−2β)−e−2β [Θ(γ1+1
6
γ6
)
−
− β
′
√
2
γ6
]}
+
B2(0)
∆(2)
[φ(u)−φ(0)] , (89)
E3(u) = −B2(0)
∆(3)
{
1
µ
(
1− e2β)− e2β [Θ(γ1 + 1
6
γ6
)
+
+
β′√
2
γ6
]}
+
B3(0)
∆(3)
[φ(u)−φ(0)] . (90)
Clearly, E2(u → 0) = 0 and E3(u → 0) = 0, cov-
ering the initial data, i.e., the electric field is, indeed,
generated by the gravitational wave in the axionic envi-
ronment. With these formulas the magnetic field com-
ponents B2(u) and B3(u) can be obtained as follows:
B2(u) = e
2βB2(0) + L
2E3(u) =
=
L2B2(0)
∆(3)
{(
εe2β − 1
µ
)
+ e2β
[
Θ
(
α1 +
1
6
α6
)
−
− β
′
√
2
α6
]}
− L
2B3(0)
∆(3)
[φ(u)−φ(0)] , (91)
B3(u) = e
−2βB3(0)− L2E2(u) =
=
L2B3(0)
∆(2)
{(
εe−2β − 1
µ
)
+ e−2β
[
Θ
(
α1 +
1
6
α6
)
+
+
β′√
2
α6
]}
− L
2B2(0)
∆(2)
[φ(u)−φ(0)] . (92)
Formally speaking, the denominators in the formulas
(89)-(92) can take zero values providing the anoma-
lies in the responses of the electromagnetic and pseu-
doscalar fields. In order to clarify these possibilities in
detail, we consider below an explicit example as an il-
lustration of this anomaly.
2. Illustration of anomalous behavior on the base of the
explicit Petrov’s solution
We consider the formula for E2(u) only, since the
results for E3 can be obtained by the formal replace-
ment β → −β. Let us focus on the function ∆(2)(u)
given by (75) and appeared in the denominator of the
function E2(u) (89), and let us transform it for the case,
when the metric functions are given by the Petrov for-
mulas (31):
∆(2)(u) = coshku
{
cos ku
[(
ε− 1
µ
)
+
+
k√
2
tanh ku
(
(α1−γ1)− 1
3
(α6+2γ6)
)]
−
− k√
2
sin ku
[
(α1−γ1) + 1
3
(2α6+γ6)
]}
. (93)
At u = 0 and u = pi2k this function takes the values,
respectively,
∆(2)(0) =
(
ε− 1
µ
)
,
∆(2)
( π
2k
)
= − k√
2
cosh
π
2
[
(α1−γ1) + 1
3
(2α6+γ6)
]
.
(94)
For the standard medium the refraction index exceeds
one, i.e., ε > 1
µ
, thus, ∆(2)(0) is positive. When
∆(2)
(
pi
2k
)
< 0, i.e., 13 (2α6+γ6) > γ1−α1, we deal again
with the anomaly in the electric field at the moment u∗∗,
in which ∆(2) (u∗∗) = 0. When 13 (2α6+γ6) < γ1−α1,
the electric component E2 tends asymptotically to the
finite value E2
(
pi
2k
)
. Let us mention, that the compo-
nent E3 remains finite, when E2 = ∞, and vice-versa,
E2 is finite, when E3 =∞.
The behavior of the function ∆(2)(u) is more illus-
trative, if the unknown coupling constants are linked,
e.g., by the relationship 3(α1−γ1)=α6+2γ6. In this case
the solution u∗∗ to the equation ∆(2)(u∗∗)=0 can be
found explicitly as
u∗∗ =
1
k
arcctg

 k(α6+γ6)√
2
(
ε− 1
µ
)

 . (95)
10
3. Exact solutions for the pseudoscalar (axion) field
The pseudoscalar field can be found now from the
equation
Ψ20ν
2φ
[
φ2(u)− Φ2] =
− E2(u)e2βB2(0)− E3(u)e−2βB3(0) . (96)
Using the definitions
B2(0) = B⊥ cos θ , B3(0) = B⊥ sin θ , (97)
we reduce this equation to the standard form of the
cubic equation
φ3 + Pφ+Q = 0 , (98)
where the coefficients P and Q have the form
P = −Φ2 − B
2
⊥L
2
Ψ20ν
2∆2∆3
{
β′√
2
(α6+γ6)H1(u, θ)−
−G(u)H2(u, θ)} , (99)
Q = L
2B2⊥
µΨ20ν
2∆2∆3
{
µΦ
β′√
2
(α6+γ6)H1(u, θ)+
+
β′√
2
(α6+γ6)
[
1− cosh 2β+µΘ
(
γ1+
1
6
γ6
)]
sin 2θ+
+
[(
sinh 2β+
1√
2
µγ6β
′
)
sin 2θ−µΦH2(u, θ)
]
G(u)
}
.
(100)
Here the auxiliary functions G(u), H1(u, θ) andH2(u, θ)
are introduced as follows
G(u) =
(
ε− 1
µ
)
+Θ
[
(α1−γ1) + 1
6
(α6−γ6)
]
,
H1(u, θ) = cosh 2β+cos 2θ sinh 2β ,
H2(u, θ) = sinh 2β+cos 2θ cosh 2β . (101)
At u = 0 the quantities P and Q take the values
P(0) = −Φ2+A , Q(0) = −AΦ ,
A = µB
2
⊥ cos 2θ
Ψ20ν
2(εµ−1) . (102)
The corresponding cubic equation reduces at u = 0 to
[φ(0)− Φ][φ2(0) + φ(0)Φ +A] = 0 , (103)
providing one of solutions to be φ(0) = Φ, as we need for
compatibility of the model. The discriminant D of the
cubic equation (98), D = −(4P3 + 27Q2), calculated
with P and Q, given by (99) and (100), respectively,
regulates the properties of the roots of the equation
(98). It is well-known that there are three real roots,
when D > 0; two real roots from three coincide, when
D = 0; there is only one real root, when D < 0. The
corresponding Cardano formulas are well documented.
Since the discriminant D is a sophisticated function of
retarder time and coupling parameters, we restrict our-
selves by one simple case, illustrating our findings. Let
the free parameters be chosen as follows:
α1 = α6 = γ6 = 0 , θ =
π
4
, µ =
1
Φ
. (104)
Then, one obtains that
Q = 0 , P = −Φ2 + B
2
⊥ sinh 2β
Ψ20ν
2L2 [(ε−Φ)−γ1Θ] , (105)
and the solutions to (98) are
φ1(u) = 0 ,
φ2,3(u) = ±
√
Φ2 − B
2
⊥ sinh 2β
Ψ20ν
2L2 [(ε−Φ)−γ1Θ] . (106)
When u = 0 the set of these three functions covers
the set of background solutions φ → {0,±Φ}. When
we deal with the Petrov metric (32), the distinguished
solution with initial value +Φ behaves as follows:
φ2(u) =
√
Φ2 +
B2⊥(cosh
2 ku− cos2 ku)
2Ψ20ν
2F(u) cos ku coshku . (107)
The auxiliary function F(u) given by
F(u) = (ε−Φ) cos ku coshku−
− γ1k√
2
(sinh ku cos ku− coshku sin ku) , (108)
takes the following values at u = 0 and u = pi2k , respec-
tively:
F(0) = (ε−Φ) , F
( π
2k
)
=
γ1k√
2
cosh
π
2
. (109)
This means that, when γ1 < 0, there exists a point,
u = u∗ in which F(u∗) = 0, providing the value φ2(u∗)
to be infinite. When γ1 > 0 the singularity appears at
the end of admissible interval, i.e., at u = pi2k .
VI. DISCUSSION
The main result of the presented work is the pre-
diction that the interaction between a unit dynamic
vector field, attributed to the macroscopic velocity of a
cosmic substratum (aether, vacuum, dark matter, etc.),
on the one hand, and an electrodynamic system, on the
other hand, can provoke an anomalous electromagnetic
response on the action of a pp-wave gravitational field.
In fact, we deal with the fifth model, which predicts the
anomalous behavior of the electromagnetic response on
the impact of the plane gravitational wave. In [44] exact
11
solutions were obtained, which described the anomalous
response of initially static magnetic field in a simple di-
electric medium at rest. In that work the amplitude
of the signal-response happened to be proportional to
the factor (n2 − 1)−1, so, the anomaly was associated
with the singularity, which occurs in the vicinity of unit
refraction index n ≡ εµ = 1. Such anomaly can be
indicated as the static one. According to results ob-
tained in [40], static anomaly in the vicinity of n = 1
exists also for the electrodynamic system surrounded
by the pseudoscalar (axion) field. In [45] it was shown
that in addition to the static anomaly there exists a
dynamic anomaly induced by non-minimal coupling of
electromagnetic and gravitational fields. This anomaly
appears at some moment of the retarded time u∗, at
which the denominator in the expression for the ampli-
tude of the induced electric field takes zero value. Anal-
ogous behavior is typical for moving electrodynamically
active media, when the medium motion is non-uniform
(see [6]); this dynamic anomaly can be indicated as the
dynamo-optical one. In this context, the results ob-
tained in the present work generalize results, which con-
cern both static and dynamic anomalies in the moving
electrodynamic system in a pseudoscalar (axion) envi-
ronment; this generalization includes couplings of the
electromagnetic field to a unit dynamic vector field as-
sociated with the velocity of a distinguished cosmic sub-
stratum, e.g., aether, vacuum, etc.
In order to illustrate new results let us focus on
the formula (89) supplemented by (31), (93), (107),
and (108). The transversal component E2(u) of the
electric field tends to infinity in two cases: first, when
∆(2)(u) → 0 (see (93)); second, when φ2(u) → ∞ (see
(107), and (108)). When the coupling constants α1, α6,
γ1 and γ6 vanish, the quantity ∆(2) is proportional to
ǫµ−1, thus, this limit covers the results of [40, 44, 45]
concerning the static anomalies in the vicinity of n=1.
When the mentioned coupling constants are non-
vanishing, we deal with dynamic anomalies of two types.
The dynamic anomaly of the first type is displayed at
the moment u = u∗∗, for which ∆(2)(u∗∗) = 0 (see also
the explicit formula (95) as an illustration). The am-
plification of the electromagnetic response is produced
by the coupling of the electromagnetic field to the unit
dynamic vector field, which plays the role of an energy
reservoir. The dynamic anomaly of the second type ap-
pears, when φ(u+) = ∞, where u+ is the root of the
equation F(u+) = 0 (see (108)). Now the amplifica-
tion of the electric field is mediated by the anomalous
growth of the pseudoscalar (axion) field, which, in its
turn, is affected by the axion-photon coupling. Again,
the unit dynamic vector field plays the role of an en-
ergy reservoir for the amplification of electromagnetic
and pseudoscalar (axion) fields. As in the models with-
out pseudoscalar field mentioned above, the role of the
gravitational pp-wave is provocative: it manages the
process of energy redistribution between unite dynamic
vector field (the reservoir) and photons (the test sub-
system) in the environment of axions (the mediator).
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